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Abstract
Using Dimensional Regularization (DR) for some two-point functions of a prototype Non-Commutative (NC) φ4 scalar
theory in 4 dimensions, we explicitly analyze, to one-loop, the IR and UV divergences of non-planar diagrams having quadratic
divergences and compare to the case of the Pauli–Villars cut-off regularization (PVR). We also note that the IR structure 1/p ◦p
obtained from DR is reproduced by PVR in the limit where the UV cut-off Λ is set to infinity. We study the phenomenological
implications of this result by rederiving bounds from low-energy data on the violation of Lorentz invariance based on the
existence of the quadratic divergence. The most stringent (and regularization independent) bound on Lorentz violation from
low-energy data is 1/
√
θ ≈ ν  1015 GeV for NCQCD and 1010 GeV for NCQED, which comes from the absence of sidereal
variations between the Cs and Hg atomic clocks.
 2002 Elsevier Science B.V.
1. Introduction
At present, one expects that our current understand-
ing of space–time may be modified at a very short
distance scale. One possible modification, inspired by
quantum mechanics and also motivated by string the-
ory arguments, is that the space–time coordinates be-
come non-commutative [1]. The characteristic scale
Λ of the NC models, above which one may expect a
modification of the Standard Model, can be parame-
trized by an “angle” θ defined from the x-space com-
mutation relation:
(1)[X̂µ, X̂ν]= iθµν, with θµν ∼ [· · ·]µν
Λ2
,
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and where [· · ·]µν is a dimensionless matrix. Though
it can be premature to perform an explicit calculation
before a complete understanding of the geometrical
and mathematical foundations of the models and of its
connection with the physical world, it is interesting to
check the self-consistency of the existing calculations
for a given framework. In particular, one of the
peculiar features of the NC approach is the correlation
between the UV and IR divergences of the theories,
explicitly shown in some scalar models [2], using
the Pauli–Villars cut-off regularization (PVR). In this
short Letter, we test, if the correlation of the UV
and IR divergences is, whether an articaft of PVR,
or a more general phenomena independent of the
regularization procedure. In so doing, we use ’t Hooft–
Veltman [3] Dimensional Regularization (DR) [4],
which is known to be a powerful method in gauge
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theories as it implicitly preserves gauge invariance and
avoids quadratic divergences.
2. Scalar two-point functions in φ4 theory
The Lagrangian density of the NC φ4 theory is:
(2)L(x)= 1
2
(∂µφ)
2 + 1
2
m2φ2 + g
2
4! φ  φ  φ  φ,
where the  product is defined as:
(3)(φ1  φ2)(x)= e i2 θµν∂
y
µ∂
z
ν φ1(y)φ2(z)
∣∣
y=z=x.
Let us consider the 1PI two-point function, which, to
lowest order, corresponds to the inverse propagator:
(4)S(0)(p2)= p2 +m2.
In NC theory, the one-loop corrections come from
the planar and non-planar diagrams shown in Fig. 1,
which lead to the corrections in n-space–time dimen-
sions:
S
(1)
planar =
g2
3
∫
dnk
(2π)n
1
k2 +m2 ,
(5)S(1)non-planar =
g2
3!
∫
dnk
(2π)n
1
k2 +m2 e
ik×p,
where the NC-phase argument is: k × p ≡ kµθµνpν.
It is usual in NC-calculations to parametrize the
propagator à la Schwinger:
(6)1
p2 +m2 =
∞∫
0
dz e−z(k2+m2),
while we use in n-dimensions the property:
(7)
∫
dnk
(2π)n
e−zk2 = 1
(4πz)n/2
.
Using the previous inputs and the definition of the
Gamma-function, the evaluation of the integrals in
Eq. (5) is straightforward.
Fig. 1. Planar and nonplanar one-loop corrections to the inverse
propagator in φ4 theory.
• The planar diagram. The planar diagram gives
for n= 4− :
S
(1)
planar =
g2
48π2
m2Γ (/2)
(
m2
ν2
)/2
(8) g
2
48π2
m2
[
2

− log m
2
ν2
+ · · ·
]
,
where ν is the typical UV scale of dimensional
regularization, and · · · indicate regular terms. As
expected, the quadratic divergence obtained in the PV
cut-off scheme is absent in DR. In effective theories,
like, e.g., the well-known chiral perturbation theory
of QCD, the m2 log(m2/ν2) is a typical one-loop
correction induced by a pion loop with a mass m,
while ν is fixed to be about the hadronic scale of about
1 GeV, where beyond this value the effective approach
is expected to be not valid.
• Non-planar diagram: p◦p→ 0 after integration.
The evaluation of the non-planar diagram is slightly
more involved, but the strategy is very similar. One
obtains in n-dimensions:
(9)S(1)non-planar =
g2
96π2
∞∫
0
dz
zn/2
e−zm
2− p◦p4z ,
where: p ◦ q ≡ −pµθ2µνqν = |pµθ2µνqν |. We use the
prescription where n = 4 −  (4 is the space–time
dimension and → 0). The evaluation of this integral
in n≡ 4−  dimension leads to:
S
(1)
non-planar 
g2
96π2
2m2
(
4m2
p ◦ p
)(1/2−/4)
(10)×K(1− /2,√m2p ◦ p ).
Expanding the Bessel function for p ◦ p→ 0:
(11)K(1− /2, y→ 0) 1
y
+ y
2
logy +O(, y),
one obtains for → 0:
S
(1)
non-planar
(12) g
2
24π2
[
1
p ◦ p +
m2
2
logm2p ◦ p
]
.
This expression demonstrates that the non-planar di-
agram is UV finite in the  → 0 limit, i.e., in 4 di-
mensions, and there is no need for introducing an UV
cut-off. One may also deduce from this expression that
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the UV (→ 0) limit and the IR (p ◦ p→ 0) one are
independent to this order of perturbation theory. This
result has to be contrasted with the one:
S
(1)
non-planar
(13) g
2
96π2
[
Λ2eff +m2 log
(
m2
Λ2eff
)]
,
obtained using the PV cut-off scheme [2] in 4 dimen-
sions, where
(14)Λ−2eff ≡Λ−2 + p ◦ p.
Indeed, in Eqs. (13) and (14), taking the UV (Λ→∞)
or/and IR (p ◦ p→ 0) limits is ambiguous due to the
mixing of the UV and IR divergences in the quadratic
terms. The results of the DR and PV regularization
schemes for the IR divergence coïncide in the limit
where the UV cut-off Λ→∞. One should also no-
tice that, in this limit, both regularization schemes lead
to a IR 1/p ◦ p pole from the non-planar diagrams
specific of the NC-theories. This pole differs from the
non-analytical log(p ◦ p) pole present in calculations
having only logarithmic UV divergences using PV-
cut-off regularizations, such as the renormalization of
the coupling constant g2 in NC φ4 theory in four di-
mensions, the vertex corrections in φ3 scalar theory in
six-dimension. . . which have been explicitly discussed
in [2]. This feature presumably indicates that the DR
regularization though (apparently) decoupling the UV
and IR divergences and transforming the UV quadratic
divergence into a logarithmic one, does not affect the
structure of the IR 1/p ◦ p pole from non-planar dia-
grams specific of the NC-theories.
• Non-planar diagram: p ◦ p = 0 before integra-
tion. One may also ask the question whether the oper-
ation taking the limit  = 0 and p ◦ p = 0 is commu-
tative.1 Therefore, we put p ◦ p = 0 in Eq. (9) before
integration. We obtain:
(15)S(1)non-planar 
g2
96π2
(
m2
)1−/2
Γ (−1+ /2),
1 Related questions have been addressed by the referee and
by [5] in a slightly different form. However, contrary to the claim of
Ref. [5], the result is not related to the fact of taking the intermediate
step n = 2 before analytically continuing to n = 4 −  dimension,
but only by taking first p ◦ p= 0 before integration.
which has now a 1/ pole.2 This result indicates that
the p◦p term also acts (in an indirect way) as a regula-
tor of the UV integral, which may be another aspect of
the UV/IR mixing within dimensional regularization.
However, the question is to know if this second case
is physically interesting? Indeed, taking p ◦ p = 0 in-
side the integral is equivalent to reduce the non-planar
into the planar one, and the result in Eq. (15) is noth-
ing else (modulo normalization) than the planar one in
Eq. (8).
• Non-planar diagram: m = 0 limit. Finally, it
may also be instructive (as suggested by the ref-
eree) to study the massless scalar case. In this case,
the planar diagram vanishes identically in DR if
one uses the standard property of the tadpole inte-
gral:
(16)
∫
dnk
k2
= 0.
For the non-planar diagram on can put immediately
m = 0 in the integral of Eq. (9) or in the result in
Eq. (12), and obtains:
S
(1)
non-planar
(17) g
2
24π2
(
1
p ◦ p
)1−/2
Γ (1− /2).
One can see that the presence of the IR-phase leads a
non-zero UV finite result in the → 0 limit, indicating
the indirect rôle of the IR phase on the UV behaviour
of the momentum integral.
3. Resummation of higher loops in φ4 scalar
theory
One may generalize the previous one-loop result
by resumming infinite series of divergent non-planar
graphs including planar one-loop mass corrections
(Fig. 2). This yields to [2]:
(18)I =
∫
dnk
S(2)(k)
,
2 In the case of massless integral, we do not have such a pole
if we use the standard prescription that a tadpole-like integral∫
dnk/k2 = 0 within dimensional regularization. We shall discuss
explicitly this case in the next sub-paragraph.
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Fig. 2. An infinite series of divergent graphs sums up to a single
graph with the dressed one-loop propagator.
with:
(19)S(2)(k)=m2R + k2 +
g2
24π2k ◦ k + · · · ,
where mR is the renormalized scalar mass. The inte-
gral is IR finite and has the typical 1/ UV divergence
for n= 4−  space–time:
(20)I ∼m2R
(
m2R
4πν2
)−/2
Γ (/2).
However, the extension of this resummed result to NC-
Yang–Mills theory is not straightforward due to the
presence of tachyonic mass implying that the series
does not have alternating signs [6]. We plan to come
back to this point in a future work.
4. Some phenomenological implications
The absence of quadratic divergences within di-
mensional regularization can (a priori) affect different
phenomenological constraints on NC-models based on
the existence of this term. In general, in a theory with
a massive particle m, one should do the replacement:
(21)Λ2 →m2 log ν
2
m2
,
where ν is the UV scale of DR and corresponds to the
scale until which the effective theory approach is ex-
pected to be valid. This log-term is also present in PVR
but non-leading compared with the Λ2 one and then is
regularization independent. Using this result, one ex-
pects that most of the stringent bounds on the scale
of space–time non-commutativity derived from the
low-energy tests of Lorentz violation, and which are
based on the quadratic term are regularization depen-
dent. Regularization independent constraints should
then come from the log term.
• In the case of NCQCD à la Ref. [7]3 one expects
the presence of the Lorentz violating term [8] induced
by the magnetic operator q¯θµνσµνq , which acts like
a σ · B interaction with a fixed B and leads to
sidereal variations in, e.g., the hyperfine splittings.4
Such variations in the differences between Cs and Hg
atomic clocks sensitive to external σ · B interactions
are bounded at the 10−31 GeV level. The authors in
Ref. [8], have estimated this operator in a nuclear
environment using a constituent quark model and [13]
QCD spectral sum rules (QSSR) approach [4]. Ref. [8]
obtained:
(22)
(
αs
12π
)
p0Λ
2θ $E ⇒ θΛ2  10−29,
where p0 ≈ mcon ≈ 300 MeV is the off-shell light
quark momentum; αs ≈ 1 and $E is the bound on
the sidereal variation. Using our previous result in
Eq. (21), the constraint in Eq. (22) becomes:
(23)θm2con log
ν2
m2con
 10−29,
which leads to the tight lower bound on the scale of
NCQCD:
(24)1/
√
θ ≈ ν  1015 GeV.
The numerical value is apparently not affected by the
choice of the regularization schemes. However, one
should note that, in the PVR, one has taken the cut-
off Λ to be about 1 TeV [8] for deriving the constraint
on θ . As this bound is stringent, it is also necessary
to check the reliability of the QSSR result (effect of
choice of the nucleon operators, stability, . . . ) and to
use alternative tests such as lattice calculations.
• In the case of NCQED, the effect of a similar
operator has been analyzed in [14]. In the case of the
electron and light quark constituents, the bound has
typically the size:
(25)θΛ2  10−19.
3 A more standard formulation of NCQCD is discussed, e.g.,
in [9].
4 Some other low-energy constraints have been derived in [9,10],
while constraints from high-energy accelerators have been, e.g.,
derived in [11]. We plan to re-examine these existing constraints
in a future publication [12].
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The one from the electron is expected to be much
weaker due to the electron mass suppression. Using
again our result in Eq. (21), one obtains for constituent
light quarks:
(26)θm2con log
ν2
m2con
 10−19,
which leads to the lower bound on the scale of
NCQED:
(27)1/
√
θ ≈ ν  1010 GeV.
This bound is again much stronger than the one from
collider data.
5. Conclusions
We have explicitly shown that, to one-loop, the type
of correlation between the UV and IR divergences of
the NC models encountered using the Pauli–Villars
cut-off regularization (PVR) procedure is not present
or is different within dimensional regularization (DR)
due to the absence of quadratic divergence. We also
note that the IR structure obtained from DR is re-
produced by PVR in the limit where the UV cut-off
Λ→∞. We plan to check if the previous conclusions
continue to hold for some other processes [12], and
to higher orders of PT series. Finally, we have studied
the phenomenological consequences of our result, by
revising some bounds on the NC-theories based on the
existence of the quadratic divergences. The most strin-
gent bound for the NCQCD scale derived from low-
energy data is given in Eq. (24), while the one for the
NCQED is in Eq. (27).
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